MAT 328 -- 01    Probability and Statistics I

Spring 2006       
Exam 3       Date: 04/21/06   
Name:_____________________________________  


Code   |        |        |        |  

· Write your full name and class code clearly in the spaces above.

· Work independently. Show all necessary steps and details of your work. 

· 75 minutes. Total score is 100.  Good luck!

Answer each question on a separate paper. Arrange your solutions in the order.

No problems #1 and #2.

3. (20 pts, 20/3 pts each) The moment-generating function of Gamma distribution is M(t) = (1 - (t)–(  (t < 1/().

(1) Show that E(X) = (( and Var(X) = ((2, using M(t).   

(2) Interpret the shape parameter ( and scalar parameter (. How the parameter ( changes the shape of the distribution (observe the shapes of p.d.f. for different parameter values of ()?

(3) If X denotes the waiting time until the (th accident has occurred. Explain the expected value (( and variance ((2.

4.  (20 pts) Cars arrive at a toll booth at a mean rate of 5 cars every 10 minutes according to a Poisson

process. Find the probability that the toll collector will have to wait longer than 9.30 minutes until collecting the 8th toll. You should define proper variable and determine its distribution clearly before computing.

5.  (20 pts, 20/3 pts each) Let X ~ N((, (2 ). 

(1)  Show that Y = aX + b has the normal distribution N(a( + b, (a()2 ), where a ( 0. 

Hint: Find the distribution function P(Y ( y) of Y - in the resulting integral, let w = ax + b or equivalently x = (w - b)/a.

(2)  What is the m.g.f. of X? What is the m.g.f. of Y? 

(3)  For what a and b, Y ~ N(0, 1)?

6.  (20 pts, 20/3 pts each) If it is possible to obtain a large number of observations for a variable X, a histogram would be 

helpful to determine whether or not X has approximately a normal distribution. However, if the sample is small (size < 30), a q-q plot is suggested.  

(1)  For the following sample, draw a q-q plot to determine whether or not the sample was taken from an (approximate) normal population: 

10.31   10.06    10.11     10.12      10.12     10.13      10.17     10.19     10.20      10.23     10.25      10.29

(2)  Does the q-q plot in (1) suggest that the sample came from a normal distribution? Why?

(3)  Suppose the sample came from a normal population. What is the relation between the z-intercept and the slope of the line and the mean and standard deviation of the normal population? Hint:  (X - () / ( = Z.

Hint: Let x1 ( x2 (… ( xn be order statistics from a sample (page 43 or 201). xr is the 100 [r/(n+1)]th percentile – if n = 3, these are the three quartiles. Also, if X is normal, i.e., X ~ N((,(2), then X = ( Z + ( indicates a linear relationship exists between X and Z, and thus the q-q plot is a line.  

Sample mean = 0.1873. Sample standard deviation = 0.0786.

7.  (20 pts, 20/3 pts each) In a rural area, the infected rate of certain disease is 0.15 (i.e., 15%). A sample of 25 people is taken from the area - selections are independent. Define X as the number of people in the sample who are infected by the disease. 

(1) What is the distribution of X and what are the parameter values of this distribution? What are the mean value and standard deviation of X? What is the probability that at least 4 of the 25 people are infected? Use Binomial table.

(2) Compute P(X ( 4) using normal approximation and Poisson approximation, respectively. Are these good approximations? Why?
(3) Interpret the mean and standard deviation you computed in (1).






