Recurrence Relation and Performance Analysis

Frequently, the analysis for performance of an algorithm (time complexity) results certain relationship between the time requirements for different input sizes (but same problem). For instance, consider the Tower of Hanoi Puzzle: 3 pegs labeled x, y, and z; initially, a tower of n disks of different sizes are stacked on peg x in order of decreasing size. That is, the largest disk is on the bottom, and the smallest disk is on the top of the tower. The objective is to transfer the entire tower to one of the other pegs, say to y, moving only one disk at a time , and never moving a larger disk on top of a smaller disk. 

The following recursive algorithm is a solution for the problem:

1. Design of algorithm:
Towers (positive integer n,  char pegx,  char  pegy,  char pegz)


// move the top n disks on peg x to peg y using peg z

1. if  n = 1 then

2.              move top disk on peg x to peg y

3. else 

4.              Towers(n-1, x, z, y)

5.              move top disk on peg x to peg y

6.              Towers(n-1, z, y, x)


2. Code:
#include <iostream.h>








            x                                 y                        z

void Towers (int n,  char  x,  char  y,  char  z)                

{// Move the top n disks from tower x to tower y.

 // Use tower z for intermediate storage.

1) if  (n ==1) 

2)            cout << "Move top disk from peg " << x  << " to peg " << y << endl;

3) else  {

4)           Towers (n-1, x, z, y);

 5)                    cout << "Move top disk from peg " << x << " to peg " << y << endl;

 6)
          Towers (n-1, z, y, x); }

}

void main(void)

{

   char pegx = ‘x’, pegy = ‘y’, pegz = ‘z’;

   int    num_disks;  cin >> num_disks;

   cout << "Moves for a “ << num_disks  <<  “ disk problem are" << endl;

   Towers (num_disks, pegx, pegy, pegz);

}

3. Note:
To run this recursive program, system stack is required; To write a non-recursive program solving this problem, a simulating stack is needed to save states and so the code is not trivial.

4. Total number of moves/ recurrence relation
Let T(n) represent the number of moves required to solve the problem of n disks. It is clear from the pseudocode given in 1 that 




1                          if n = 1



T(n) =                                                                                         (*)




2 T(n-1) + 1        if n > 1

(*) is a so-called recurrence relation between the number of moves for n disks and number of moves for n-1 disks. Repeatedly applying this relation we can find a closed form of the recurrence:



T(n) = 2 n - 1     (total number of moves)                                (**)

But let prove by (finite) mathematical induction on positive integers n.

Let P(n) be the statement mathematical statement T(n) = 2 n - 1.

Basis: P(1) is clearly true, i.e., T(1) = 21 - 1 is clearly true.

Induction step: 


Induction hypothesis: P(k) are true for all positive integers k with 1 ( k ( n-1,




          i.e., T(k) = 
2 k - 1 for all  such k with 1 ( k ( n-1


Then for n, we have 



T(n) = 2 T(n-1) + 1                    (by the recurrence relation (*) )



         = 2 (2 n-1 - 1) + 1                (by induction hypothesis)



         = 2 n - 1

Hence, P(n) is true, i.e., T(n) = 2 n - 1 is true. 

By induction, P(n) is true for all positive integer n, i.e., (**) is true for all positive integer n.

5. Performance of the algorithm
((2 n) from (**) which, in turn, from the recurrence relation (*). This is an exponential time complexity. However, the total number of moves can not be reduced by any other algorithm 

because we must move the top n-1 disks from peg x to peg z first before moving the largest 

disk at very bottom of peg x to peg y. Here, the nature of the problem is ‘exponential’.

6. Interpretation of the performance of the algorithm
Suppose a today’s ‘computer’  can perform  such a task for the problem size n0 (i.e., n0 disks), 

within reasonable time.  Though we may build a computer some time in future, which is 10000 

times faster, the new computer can only perform such a task for the problem size n0 + 13.  This 

tells us that once an algorithm is exponential, it is almost ‘hopeless’ to solve the corresponding problem of large size.

7. Final note
There are problems which are not ‘exponential in nature’ but a simple recursive procedure 

may result an exponential algorithm. Consider the famous Fibonacci sequence


0, 1, 1, 2, 3, 5, 8, 13, 21, 34, …….            

F0 = 0, F1 = 1; 

Fn = Fn-1 + Fn-2   for n ( 2                                                                     (***)

These integers are given by the following closed form  (right side is always an integer!)                             










    golden ratio


               1                    1 + (5                                    1 - (5

Fn =                  [  (                         ) n       -     (                         ) n  ]        (****)


             (5                       2                                          2

To compute nth Fibonacci numbers, a simple recursive code is as follows:

int   Fib_rec ( int  n )


If (n <= 1)  return n;


else            return Fib_rec ( n - 1 ) + Fib_rec ( n - 2 );
To find nth Fibonacci number Fn using this recursive program, at least (Fn - 1) additions must be performed. Hence, by the closed form (****),  the running time is proportional to [ (1 + (5) / 2] n , 

i.e.,  ( ([ (1 + (5) / 2] n ) which is exponential. This is because many of the intermediate values are repeatedly calculated. It is noticed that the memory usage is also a problem since frequently recursive calls need large amount of stack memory. 

On the other hand, the nature of this problem is not exponential. In fact, the dynamic programming approach to the direct calculation of Fibonacci number sequence avoids the re-computation of intermediate values by storing them in a table when they are initially calculated. Here, we only need a one-dimensional array a[0:n] containing n+1 storage locations. Start by storing F(0) and F(1); then 

F(i) is computed iteratively by adding together F(i-1) and F(i-2), which can be retrieved from the dynamically filled table. This algorithm has time complexity ( (n) and also space complexity ( (n).

