Note: ( in this file is the true intercept of the regression line, not the test level



Linear Regression

1.
Simple Linear Regression Model
Y = ( + ( X + e         (your book may not mention the error part e)      (*)
where parameters ( and ( are called regression coefficients: 

               ( = intercept, ( = slope.

   e = error, which is a random variable with normal distribution N(0, (2)

   ( = average increase of Y when X has one unit increase.

2.
Regression Assumption (see pictures on page 483 of the Blueman’s book)


Y and X are dependent random variables in general (say weight and height).


For any specific value (height, say 1.6 meters) x of X, (Y is a random variable because

people with same height 1.6 meters may have different weights) Y must be a normal variable, 
i.e., Y ~ N(( + ( x, (2)   

(Namely, Y has normal distribution with mean ( + ( x and variance (2 )   

Hence, for different values (heights) of X, say x1 and x2, there are different Y

distributions (weights)






x = 1.6 m

(populations are people of height x1 and people of height x2, respectively) 

The distributions have different means: (( + ( x1) and (( + ( x2). 

    x = 1.8 m

For ALL different values (different heights) of X, however, the resulting Ys must have the SAME variance (2 which does not change for different x (heights). Namely, the variation of weights of people with height 1.6 meters and the variation of weights of people with height 1.8 meters are assumed to be EQUAL.  y: Mean weight











                  x: height 
3.
The Regression Problems
Given observed paired/bivariate data: (x1, y1), ……, (xn, yn), say heights and weights of n people, 
(1) Estimate ( and ( (point estimations) to obtain regression line      
(2) Find C.I. for population parameters ( , (, ( (correlation coefficient of populations X and Y)

(3) Test any hypothesis on (, (, ( 

say Ho: ( = 0 (zero slope)      or    Ho: ( = (o   (slope is (o (non-zero slope))

(1)  Estimate ( and ( (point estimations) to obtain regression line      
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  x     which approximates the model (*) at top of page 1.

yk (k = 1, 2, …, n) are called OBSERVED values of Y.


[image: image4.wmf]Ù

y

is called PREDICTED value when X is x where x is arbitrary and may

      be a value other than xk’s.
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 xk is the PREDICTED value when X =  xk (k = 1, …, n).

yk - 
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k is called RESIDUAL (error between the observed value yk and the predicted value 
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k when observed value of X is xk) . Regression line minimizes the sum of n squared residuals.  

see figure on page 479 (Blueman’s book)





    ( (yk – y ) (xk –   x )         ( xy - [ ((x) ((y) / n)            
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 = point estimate of ( = ---------------------------  =  -----------------------------






           ( (xk -   x  )2                  (x2 - [ ((x)2 / n ]

 



                s y
                                         
        = r ------  




(**)



                                    s x

 ( (yk –  y ) (xk –  x )


where 
r = ------------------------------------------   sample correlation coefficient
                                        ( ( (xk -  x  )2    ( ( (yk -  y  )2          (use calculator to find r2 first)



See figures on page 479 of Blueman’s book for explanation for r:




-1 ( r ( 1

If r = 0 or close 0, Y and X are not linearly correlated; 

if 0 < r < 1, Y and X are positively correlated (when X takes a large value,

     it is likely that Y also takes a large value; when X small, Y small)

if –1 < r < 0, Y and X are negatively correlated (when one large, the other

     small)

When | r | large (near 1), Y and X are siognificantly correlated.

s x and s y are sample standard deviations of xk’s and yk’s, respectively. 
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(***)

where    x  is the average of xi’s         and  y  is the average of yi’s.

Regression line (least squares line) is also written as: 

y = 
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  x     


                                    

r2: Coefficient of determination (see figure on page 479 of Blueman’s book)
Residuals:  y1  -  
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1, ……, yn  -  
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n    (observed value - predicted value)

Sum of Squared Residuals (error):     SSResid = ( ( yk  -  
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k ) 2



                    

(un-explained variation by linear relationship)


Total Sum of Squares:                       
SSTotal  =  ( ( yk    -    yk  )2






(total variation in observed y values)






          SSResidual

Coefficient of determination:   r2 = 1 -                                 (use calculator or Table below)

                                                                         SSTotal



 

(proportion of variation attributed to linear relationship)

r2 (also called R-Square): the fraction/proportion of variation in the y1, …, yn that is explained by the regression of Y on X due to the (partially) linear relationship of Y and X. Note: r2 is also equal to the square of r (correlation coefficient).

Table for computation (or use calculator):




Height Weight   Predicted     Residual     Square
x deviation      Square     



x
y
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(x –  x )2  





   When regression line already          for use in test, C.I. 

   computed


Before computing C.I. or testing, 
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 (i.e., the regression line) should have

been computed already in advance. 

Standard deviation of population Y (all possible y values): 

estimated by sample standard deviation sy  (with respect to y).  Do not use this one, but instead, use the following so called standard error about the line:

                       s = (  ( ( yk  -  
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y

k ) 2 / (n-2)         (with respect to regression line)


Explanation of standard error: 


y1 (observed weight for height x1)
          





     deviation

y1^ (predicted average weight for height x1)





   x1               x2           …        xn
At each height xk, observed height – predicted height = yk  -  
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k . Hence, the standard deviation is (see formula for s above) about the average of the residuals | yk  -  
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k |.  Since these deviations are measured with respect to the predicated y values yk (which are on the regression line), this average is actually the average residual FROM the line (not a point).

Statistics for C.I. and test for (, (, (:
Means of 
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 are ( and (, respectively. Point estimations: ( =  
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Standard error of 
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 is the estimator of true slope () is



      SE(   =    s         ( ( xk  -  x  ) 2 
where s = (  ( ( yk  -  
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k ) 2 / (n-2) 
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   - (                                      similar to          - (
t(n-2) = -------------    

(()


 ------------   
      SE(




       SE

    
t distribution with df = n – 2.

Standard error of 
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 is the estimator of true slope () is
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      SE(   =         -----------------        where 
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 2   =   1/n  ( [ yk - 
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        n  - 2
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t(n-2) = -------------     (()

df = n-2

      SE(
(2) Find C.I. for (, (
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(C.I. for (: need additional knowledge- see Hogg book page 517)

(3) Test any hypothesis on (, (, (
Ho: ( = 0 (zero slope)      or    Ho: ( = (o   (slope is (o (non-zero slope))



under Ho, ( becomes 0          or                  (o in the t statistic ((). 




Ha: ( > (o
reject Ho if t ( t ( (n – 2),    
( = significance level




Ha: ( < (o
reject Ho if t ( t ( (n – 2),




Ha: ( ( (o
reject Ho if t ( t (/2 (n – 2) or t (  – t (/2 (n – 2)



Ho: ( = 0 (zero intercept)
or     Ho: ( = (o (non-zero intercept)



under Ho, ( becomes 0          or                  (o in the t statistic (().




Similar to above for (.



( ( r  (population correlation coefficient estimated by sample correlation coefficient)


Under Ho: ( = 0, test statistic becomes 






r   ( n – 2 

t(n-2) =        --------------------       df = n-2
     ( 1 – r2
2. Examples

1) File “LinReg.doc”

2) Using two methods compute the regression coefficients a and b and then give the regression line:

(1) TI-92

(2) Above formulas

  obs 1                                                                                  obs 10


x
 45
51
39
41
52
48
49
46
43
47

y  171   178     157    163    183     172    183    172     175    173

Pearson’s sample correlation coefficient r

                    (xy  -  [ ((x) ((y) / n ]        

r = 

          (x2 - [ (x)2 / n ]       (y2 - [ (y)2 / n ]  


    ( ( x - x ) ( y - y )

  =  

            ( ( x - x )2             ( ( y - y )2

(a measure of the extent to which sample x and y values are linearly related)   
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